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DIAMETRAL STRONG DIAMETER TWO PROPERTY
OF BANACH SPACES IS STABLE UNDER
DIRECT SUMS WITH 1-NORM
RAINIS HALLER, KATRIIN PIRK, AND MA¨RT PO˜LDVERE
Abstract. We prove that the diametral strong diameter 2 prop-
erty of a Banach space (meaning that, in convex combinations of
relatively weakly open subsets of its unit ball, every point has an
“almost diametral” point) is stable under 1-sums, i.e., the direct
sum of two spaces with the diametral strong diameter 2 property
equipped with the 1-norm has again this property.
All Banach spaces considered in this note are over the real field.
The closed unit ball and the unit sphere of a Banach space X will be
denoted by BX and SX , respectively. Whenever referring to a relative
weak topology, we mean such topology on the closed unit ball of the
space under consideration.
Different versions of diameter 2 properties for a Banach space mean
that certain subsets of its unit ball (e.g., slices, nonempty relatively
weakly open subsets, or convex combinations of weakly open subsets)
have diameter equal to 2. In recent years, these properties have been
intensively studied (see, e.g., [1–11] for some typical results and further
references).
To clarify the cap between the well-studied Daugavet property [12]
and known diameter 2 properties, the diametral diameter 2 properties
were introduced and studied in the recent preprint [7]. In particular,
the stability under p-sums of diametral diameter 2 properties was ana-
lyzed. The question whether the 1-sum of two Banach spaces enjoying
the diametral strong diameter 2 property also has this property, was
posed as an open problem in [7]. Below, we shall answer this question
in the affirmative.
Definition ([7]). A Banach space X is said to have the diametral
diameter 2 property (briefly, DSD2P) if, given n ∈ N, relatively weakly
open subsets U1, . . . , Un of BX , λ1, . . . , λn ∈ [0, 1] with
∑n
i=1 λi = 1,
x ∈
∑n
i=1 λiUi, and ε > 0, there is a u ∈
∑n
i=1 λiUi satisfying
‖x− u‖ ≥ ‖x‖+ 1− ε.
Theorem. Suppose that Banach spaces X and Y have the DSD2P.
Then also the 1-sum X ⊕1 Y has the DSD2P.
2010 Mathematics Subject Classification. Primary 46B20, 46B22.
Key words and phrases. Banach space, diameter two property, 1-sum, relatively
weakly open set.
The research was supported by institutional research funding IUT20-57 of the
Estonian Ministry of Education and Research.
1
2 RAINIS HALLER, KATRIIN PIRK, AND MA¨RT PO˜LDVERE
Our proof of Theorem makes use of the following observation:
(•) in Definition, one may assume that the element x is of the form
x =
∑n
i=1 λixi where xi ∈ SX ∩ Ui.
For (•), first notice that the space X may be assumed to be infinite
dimensional (because clearly no finite dimensional space can have the
DSD2P) and the sets U1, . . . , Un to be convex. Now, for (•), it suffices
to observe that
(◦) every a ∈ Ui can be written in the form a = (1 − µi)yi + µizi
where µi ∈ [0, 1] and yi, zi ∈ SX ∩ Ui,
because, if (◦) holds, then the element x can be written as
x =
n∑
i=1
λi(1− µi)yi +
n∑
i=1
λiµizi
and (by the convexity of U1, . . . , Un)
n∑
i=1
λi(1− µi)Ui +
n∑
i=1
λiµiUi ⊂
n∑
i=1
λiUi.
It remains to prove (◦). Let i ∈ {1, . . . , n} and let a ∈ Ui, ‖a‖ < 1.
Let m ∈ N, x∗
1
, . . . , x∗m ∈ X
∗, and δ > 0 be such that
Ui ⊃
{
b ∈ BX : |x
∗
j(b)− x
∗
j (a)| < δ, j = 1, . . . , m
}
.
Choose a non-zero c ∈
⋂m
j=1 ker x
∗
j (such c exists when the space X is
infinite dimensional), and consider the function f(t) = ‖a+ tc‖, t ∈ R.
Since f(0) = ‖a‖ < 1 and f(t) −−−−→
t→±∞
∞, there are s, t ∈ (0,∞)
such that f(−s) = f(t) = 1, but now yi := a − sc, zi := a + tc, and
µi :=
s
s+ t
do the job.
Proof of Theorem. Put Z := X ⊕1 Y , and let n ∈ N, let W1, . . .Wn
be relatively weakly open subsets of BZ , let λ1, . . . , λn ∈ [0, 1] satisfy∑n
i=1 λi = 1, and let z =
∑n
i=1 λizi where zi = (xi, yi) ∈ SZ ∩Wi. We
must find a w = (u, v) ∈
∑n
i=1 λiWi so that ‖z−w‖ ≥ ‖z‖+1− ε, i.e.,
putting x :=
∑n
i=1 λixi and y :=
∑n
i=1 λiyi (now one has z = (x, y)),
‖x− u‖+ ‖y − v‖ ≥ ‖x‖+ ‖y‖+ 1− ε.
For every i ∈ {1, . . . , n}, putting
x̂i =


xi
‖xi‖
, if xi 6= 0,
0, if xi = 0,
and ŷi =


yi
‖yi‖
, if yi 6= 0,
0, if yi = 0,
there are relatively weakly open neighbourhoods Ui ⊂ BX and Vi ⊂ BY
of x̂i and ŷi, respectively, such that
(
‖xi‖Ui
)
×
(
‖yi‖ Vi
)
⊂Wi. Indeed,
letting m ∈ N, z∗j = (x
∗
j , y
∗
j ) ∈ SZ∗, j = 1, . . . , m, and δ > 0 be such
that
Wi ⊃
{
w ∈ BZ : |z
∗
j (w)− z
∗
j (zi)| < δ, j = 1, . . . , m
}
3and defining
Ui :=
{
u ∈ BX : |x
∗
j (u)− x
∗
j (x̂i)| < δ, j = 1, . . . , m
}
,
Vi :=
{
v ∈ BY : |y
∗
j (v)− y
∗
j (ŷi)| < δ, j = 1, . . . , m
}
,
one has, whenever u ∈ Ui and v ∈ Vi, for every j ∈ {1, . . . , m},∣∣∣z∗j (‖xi‖u,‖yi‖v)− z∗j (zi)
∣∣∣ = ∣∣∣z∗j (‖xi‖u, ‖yi‖v)− z∗j (xi, yi)
∣∣∣
=
∣∣∣x∗j(‖xi‖u)+ y∗j(‖yi‖v)− x∗j (xi)− y∗j (yi)
∣∣∣
=
∣∣∣x∗j(‖xi‖u)+ y∗j(‖yi‖v)− x∗j(‖xi‖x̂i)− y∗j (‖yi‖ŷi)
∣∣∣
=
∣∣‖xi‖x∗j (u− x̂i) + ‖yi‖y∗j (v − ŷi)∣∣
≤ ‖xi‖
∣∣x∗j (u− x̂i)∣∣+ ‖yi‖ ∣∣y∗j (v − ŷi)∣∣
<
(
‖xi‖+ ‖yi‖
)
δ = ‖zi‖δ
= δ.
Put
α :=
n∑
i=1
λi‖xi‖ and β :=
n∑
i=1
λi‖yi‖.
Notice that
α + β =
n∑
i=1
λi
(
‖xi‖+ ‖yi‖
)
=
n∑
i=1
λi‖zi‖ =
n∑
i=1
λi = 1.
We only consider the case when both α 6= 0 and β 6= 0. (The case
when α = 0 or β = 0 can be handled similarly and is, in fact, simpler.)
For every i ∈ {1, . . . , n}, letting
αi :=
λi‖xi‖
α
and βi :=
λi‖yi‖
β
,
one has αi, βi ∈ [0, 1], and
∑n
i=1 αi =
∑n
i=1 βi = 1. Since X and Y
have the DSD2P, observing that
x
α
=
n∑
i=1
λi‖xi‖
α
x̂i ∈
n∑
i=1
αiUi and
y
β
=
n∑
i=1
λi‖yi‖
β
ŷi ∈
n∑
i=1
βiVi,
there are u0 ∈
∑n
i=1 αiUi and v0 ∈
∑n
i=1 βiVi such that∥∥∥x
α
− u0
∥∥∥ ≥ 1
α
‖x‖+ 1− ε and
∥∥∥ y
β
− v0
∥∥∥ ≥ 1
β
‖y‖+ 1− ε.
Finally, putting
u := αu0 ∈
n∑
i=1
ααiUi =
n∑
i=1
λi‖xi‖Ui,
v := βv0 ∈
n∑
i=1
ββiVi =
n∑
i=1
λi‖yi‖Vi,
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one has
(u, v) ∈
n∑
i=1
λi
((
‖xi‖Ui
)
×
(
‖yi‖ Vi
))
⊂
n∑
i=1
λiWi
and
‖x− u‖+ ‖y − v‖ ≥ ‖x‖+ ‖y‖+ (α+ β)(1− ε) = ‖x‖+ ‖y‖+ 1− ε,
as desired. 
Thus the stability of the diametral strong diameter 2 property under
1- and ∞-sums is similar to that of the Daugavet property. In fact,
among all 1-unconditional sums of two Daugavet spaces only the 1- and
∞-sum have the Daugavet property. Whether the diametral strong
diameter two property and the Daugavet property coincide remains an
open question.
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